Abstract. In this article we prove the equivalence of two conjectures namely the densely elliptic rational approximability of euclidean spaces and the densely 2−hyperbolic rational approximability of unit spheres of the same dimension in Theorem 17. Finally this article gives rise to an interesting Question 1 about the type of rational approximability of infinite geometric sets in a finite dimensional euclidean space after proving Theorems 9, 20 concerning densely rational approximability.
Introduction
We begin this introduction with a few definitions. Definition 1. Let (X, d) be a metric space. We say that X is a rational set if the distance set ∆(X) = {d(x, y) | x, y ∈ X} ⊂ Q + ∪ {0}.
Definition 2. We say a rational number r = p q , p, q ∈ Z, gcd(p, q) = 1, is an elliptic rational if p 2 + q 2 = . Let Q elliptic = {r ∈ Q | r is an elliptic rational}.
Let k > 0 be a positive rational. Let (X, d) be a metric space. We say that X is a k− elliptic rational set if the distance set ∆(X) = {d(x, y) | x, y ∈ X} ⊂ Q + ∪ {0}
and there exists a point P ∈ X such that ∆ P (X) = {d(P, x) | x ∈ X} ⊂ k(Q + elliptic ∪ {0}). Let (X, d) be a metric space. We say that X is an elliptic rational set if X is a k−elliptic rational set for some positive rational k.
Definition 3. We say a rational number r = p q , p, q ∈ Z, gcd(p, q) = 1, is a hyperbolic rational if p 2 − q 2 = ± . Let Q hyperbolic = {r ∈ Q | r is a hyperbolic rational}.
Let k > 0 be a positive rational. Let (X, d) be a metric space. We say that X is a k− hyperbolic rational set if the distance set ∆(X) = {d(x, y) | x, y ∈ X} ⊂ Q + ∪ {0}
and there exists a point P ∈ X such that ∆ P (X) = {d(P, x) | x ∈ X} ⊂ k(Q + hyperbolic ∪ {0}). Let (X, d) be a metric space. We say that X is a hyperbolic rational set if X is a k−hyperbolic rational set for some positive rational k.
Definition 4. Let (X, d) be a metric space. We say that X is a pythogorean rational set if X is either a hyperbolic rational set or an elliptic rational set.
Definition 5. Let k be a positive integer. Let f ∈ Z[X 1 , X 2 , . . . , X k ] be a polynomial with integer coefficients in k variables. Let
be an infinite set. Let (R k , d) be the metric space, where d is the usual euclidean metric.
We say the subset X ⊂ R k is densely rational approximable if there exists a rational set Y ⊂ X such that Y = X. We say the subset X ⊂ R k has a dense set (topologically) of rational points if
We say X is rationally dense if there exists a rational set
We say the subset X ⊂ R k is densely l−pythogorean, elliptic, hyperbolic rational approximable if there exists a l−pythogorean, elliptic, hyperbolic (respectively) rational set Y ⊂ X such that Y = X.
We say the subset X ⊂ R k is densely pythogorean, elliptic, hyperbolic rational approximable if it is densely k−pythogorean, elliptic, hyperbolic (respectively) rational approximable for some positive rational l.
We say X is pythogorean, elliptic, hyperbolic rationally dense if there exists a pythogorean, elliptic, hyperbolic rational set Y ⊂ X ∩ Q k such that Y = X.
1.1. The Two Conjectures. Now we state the two conjectures of this article.
Conjecture 6 (Densely elliptic rational approximability for euclidean spaces).
denote the k−dimensional euclidean space. Then there exists an elliptic rational set X ⊂ R k , such that, X is dense in R k .
Conjecture 7 (Densely 2−hyperbolic rational approximability for unit spheres).
denote the k−dimensional unit sphere. Then there exists a 2−hyperbolic rational set X ⊂ S k , such that, X is dense in S k or equivalently there exists a 2r−hyperbolic rational dense subset in any sphere of rational radius r.
Remark 8. Consider the two 1-dimensional real manifolds
Not only both Conjectures 6, 7 hold true for k = 1, i.e. R is densely elliptic rational approximable and rationally dense because we could take the dense set to be the set of all elliptic rationals. S 1 is densely 2−hyperbolic rational approximable and is rationally dense for we have Conjecture 7 holding true using the following Theorem 9. Also refer to [1] by Paul D. Humke and Lawrence L. Krajewski for a characterization of circles in the plane whose rational points are dense in their respective circles. The conjectures of dense rational approximability of spheres of rational radii and of euclidean spaces of dimension k are of interest for k > 1 (refer to [2] , Chapter 1, Problem 10, Parts 1,2). In this article we prove that the two Conjecures 6, 7 are equivalent in Theorem 17 for all positive integers k.
1.2. Structure of the paper and the main results. In Section 2, we prove in Theorem 9 that any circle with rational radius is rationally dense.
In Section 3, we prove the main Theorem 15 of this paper, where a homeomorphism is introduced which preserves the rationality property of distances for the dense sets of a certain type, the rationality property of coordinates of the points in the dense sets of the same type and also mention an important application in Corollary 19. Also as a consequence of the main Theorem 15 we prove the equivalence of Conjectures 6, 7 in Theorem 17.
In Section 4 we pose an open Question 1 after proving Theorem 20 concerning dense rational approximability of any ellipse having a certain type of rational point and having an area a rational multiple of π.
2. Density of a rational set on any circle with rational radius Theorem 9. Let C be any circle with rational radius in the Euclidean plane. Then C is densely hyperbolic rational approximable.
Proof. It is enough to prove for the unit circle centered at the origin by using arbitrary translation and rational dilation. First we prove the following claim.
Claim 10. Let
Proof of claim. We prove (1) first. We use some elementary geometry. Let C be a circle with center O of unit radius. Let A, B be two points on the circle such that the arcAB subtends an angle 2θ at the center. Extend OA to meet the circle again at P . Then the ∡AP B = θ. Now we prove Q tan2 = C Q . Let θ ∈ C Q ; then cos(θ) = r s , sin(θ) = u v for some relatively prime integers r, s and u, v. So we have
. Let cos(θ) = 0. Now we observe that tan(θ) is rational and if for some q, p relatively prime integers 
The converse is also clear; i.e. if θ ∈ Q tan2 then cos(θ), sin(θ) are rational. Now we prove Q tan2 = 2Q tan . Let θ ∈ Q tan and if tan(θ) is undefined then θ is an odd multiple of π 2 . So 2θ is an integer multiple of π. So tan(2θ) = 0 and 2θ
is a perfect square because there exists an integer t such that 2pq = tu, p 2 − q 2 = tv. So 2θ ∈ Q tan2 . Conversely it is also clear that if 2θ ∈ Q tan2 and θ = (2k + 1)
1−tan(θ1)tan(θ2) . So Q tan is an additive subgroup. Now we prove (2). First we observe that for every integer k ∈ Z the function
is a homeomorphism. Hence the set Q tan is dense in R. Now we observe that any finite index additive subgroup of a dense additive subgroup of reals is also dense in reals. This completes the proof of the claim.
Continuing with the proof of the theorem it is enough to prove for the unit circle S 1 because of rational dilation and arbitrary translation. We consider two points P 1 , P 2 on the circle S 1 in the plane such that
which is a square of a rational and we have (
Using the claim we establish that S 1 is 2−hyperbolic rationally approximable and rationally dense using the set X ⊂ S 1 . Now by arbitrary translation and rational dilation Theorem 9 follows for all circles with rational radii. Note the coordinates after translation need not be rational but the dense set is a rational set, also, the distances are a fixed rational multiple of hyperbolic rationals.
In fact in the above proof if (
a 2 +b 2 ) is in the dense set then so are the possible four points
do not belong to the dense set as (a + b)
Remark 11. If
3. On a homeomorphism between deleted point unit sphere and euclidean space of same dimension
In this section we introduce a map between the unit sphere with a point removed and the euclidean space of the same dimension which preserve rationality of distances of a certain type. We begin with a lemma.
be three points on the unit k−dimensional sphere S k . Let
x i y i = Cos(c),
Consider the spherical triangle xyz on S k . Let spherical∡yxz = α, spherical∡xzy = γ, spherical∡xyz = β. Then we have the cosine rule of spherical trigonometry for a suitable choice of angles for a, b, c, α, β, γ Hence the other equations (13) also follow similarly.
Remark 14. In the above Lemma 12 a suitable choice of angles for a, b, c, α, β, γ exist. Now we state the main result, Theorem 15 of the paper and this section before giving a corollary.
Theorem 15. Let O = (0, 0, . . . , 0) ∈ R k+1 denote the origin and let
Let U = − → u , V = − → v denote the vectors on the unit sphere corresponding to angular bisectors of ∡AOX and ∡AOY in the planes of triangles ∆AOX, ∆AOY respectively. Consider the k−dimensional tangent space
tangent to the sphere S k at A = − → e . Suppose after extending the vectors U = − → u , V = − → v , they meet the tangent space T at the points B, C respectively. Let P denote the plane of the triangle ∆ABC in the tangent space T. If ∡AOX, ∡AOY ∈ Q tan4 = 4Q tan (refer to Claim 10 for definition) then the following are equivalent.
(
) is rational. (3) The side length BC of ∆ABC ⊂ P is rational. (4) The set X = {A, B, C} ⊂ P is a rational set.
Proof. For k = 1 the theorem is trivial. So let us assume k > 1. First we observe that
Hence (1) and (2) 
Since r 2 + s 2 , u 2 + v 2 are squares the sides OB, OC are rational. Hence we conclude that (2) and (3) are equivalent.
Now we observe that
) and
) which are both squares of rationals because ∡AOX, ∡AOY ∈ Q tan4 by hypothesis. Hence (3) and (4) are equivalent.
This proves the theorem.
Now we prove the theorem on equivalence of conjectures in this section. Before we state the theorem we define a homeomorphism from the unit sphere with a point removed and the euclidean space of the same dimension.
Definition 16 (Definition of the homeomorphism). Let k > 0 be a positive integer. Let
. Let R k denote the k− dimensional euclidean space which is identified with
in a standard way. Then consider the following homeomorphism
Consider the unit vector U = − → u ∈ S k which corresponds to the angular bisector of ∡AOP . After extending this vector suppose it meets the tangent space T e (S k ) = {1} × R k at a point Q. Now define φ(P ) = Q. This is clearly a homeomorphism of the spaces S k \{− − → e }, R k . We note that φ(A) = A.
Now we state the theorem.
Theorem 17.
(1) With the notations in Definition 16 a elliptic dense rational set Y ⊂ R k also containing the point A such that the distance from A are elliptic rationals gets mapped to a dense rational set X ⊂ S k containing the point A = − → e such that the distances from A = − → e are twice of hyperbolic rationals. (2) Conjectures 6, 7 are equivalent.
Proof. (1) follows immediately from the previous Theorem 15 because φ is a homeomorphism.
(2) follows because we can assume without loss of generality by distance preserving symmetries and rational dilations for euclidean spaces that the dense sets in each of the spaces contain the point A and from which the distances in the dense set are elliptic rationals in the euclidean spaces and the distances in the dense set are twice of hyperbolic rationals in the unit sphere.
Here we prove a corollary of Theorem 15. Before stating a corollary we need a definition.
Definition 18. Let k > 0 be a positive integer. We say a non-empty set X ⊂ R k is an integral set if the distance set ∆(X) = {d(x, y) | x, y ∈ R k } ⊂ N∪{0}.
Now we state the corollary.
Corollary 19. Let k > 0 be a positive integer.
(1) There exists an infinite rational set in R k not contained in any hyperplane and also not contained in any (k − 1)−dimensional sphere in R k . (2) There exists an infinite rational set in S k not contained in any (k − 1)−dimensional sphere in S k . (3) There exists arbitrarily large finite integral n−set in Z k ⊂ R k with n > k which is not contained in any hyperplane and also not contained in any
Proof. Let X ⊂ S 1 ∩ Q 2 ⊂ R 2 be the dense rational set introduced in Theorem 9. Fix a rational r 0 ∈ Q + , such that 1 + r 2 0 is a square of a rational. There are a few steps involved in the proof, for lifting rational sets to one more higher dimension.
(1) Dilate the set X 1 = X ∪ {(0, 0)} by r 0 to obtain r 0 X 1 .
(2) Consider {1} × r 0 X 1 a rational set in {1} × R 2 ⊂ R 3 . (3) Using the homeomorphism φ in Theorem 9 we obtain a rational set
and ifQ = (cos(α), sin(α)cos(β), sin(α)sin(β)) has rational coordinates then P = (cos(2α) = 2cos 2 (α) − 1, sin(2α)cos(β) = 2cos(α)sin(α)cos(β), sin(2α)sin(β) = 2cos(α)sin(α)sin(β)) also has rational coordinates and the homeomorphism φ in Theorem 9 takes the point P to the point Q, i.e. φ(P ) = Q. So the rational set X 2 ⊂ S 2 ∩ Q 3 , i.e., has rational coordinates since X ⊂ S 1 ∩ Q 2 also has rational coordinates. By induction or repeating this lifting procedure we obtain rational sets in higher dimensional euclidean spaces and also in higher dimensional unit spheres. We observe that the following properties remain invariant during lifting procedure.
(1) The rational distance property between the points of the lifted sets.
(2) The rationality property of the coordinates of the lifted sets.
(3) By including origin the points in the rational sets do not lie on any hyperplane and they do not lie on any sphere. (4) Because the coordinates are all rational in the infinite rational sets we can obtain arbitrarily large finite sets with integer coordinates and nonnegative integer distances by clearing denominators. This proves the corollary.
An open question on densely rational approximability
We have observed that the geometric set which is a line in any dimensional euclidean space is densely pythogorean (elliptic, hyperbolic) rational approximable and the geometric set which is a circle with rational radius in any dimensional euclidean space is densely hyperbolic rational approximable. In order to motivate and pose the open question we prove a slightly general Theorem 20 concerning hyperbolic rational approximability of ellipses which contain a certain type of rational point and having an area a rational multiple of π. 
for some θ 0 which is a not a rational multiple of 2π then E(Q) is dense in E(R). (2) E(R) is rationally dense, i.e. there exists
(3) If in addition 0 = ab = ∈ (Q + ) 2 or equivalently the area of the ellipse is a rational multiple of π then E(R) is densely
− hyperbolic rational approximable. (4) Hence any standard ellipse (Eq:
+ with its area πab a rational multiple of π) is hyperbolic rational approximable.
Proof. Let
where
Consider the following set Y ⊂ E(Q) of points on the ellipse given by
We have
Since θ 0 is not a rational multiple of 2π the set Y is dense in E(Q). Also the following set X is dense. The set X is given by
Now consider two points Here we observe that θ 0 is not a rational multiple of 2π because (cos(θ 0 )+isin(θ 0 )) n = ( be an infinite set. Let (X, d) ⊂ (R k , d) be the metric space, where d is the usual euclidean metric. Determine whether (X, d) is densely rational approximable and the type of rational approximability.
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